Quantum Correction of Fluctuation Theorem by Monnai, T. & Tasaki, S.
ar
X
iv
:c
on
d-
m
at
/0
30
83
37
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  1
8 A
ug
 20
03
Quantum Correction of Fluctuation Theorem
T. Monnai , S. Tasaki
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Shinjuku-ku,Tokyo 169-8555,Japan
Abstract
Quantum analogues of the transient and steady-state fluctuation theorems are in-
vestigated for a harmonic oscillator linearly coupled with a harmonic reservoir. The
probability distribution for the work done externally is derived and the following
facts are shown: (i) In the transient fluctuation theorem, there appears a quantum
correction of order ~2. (ii) In the steady-state fluctuation theorem, the existence of
a quantum correction depends on the way of driving. In the uniformly dragged case,
the classical formula holds, while, in the periodically driven case, there appears a
correction of order ~2.
Key words: Fluctuation theorem, Nonequilibrium fluctuation, Quantum
corrections
PACS: 05.30.-d, 05.40.Ca
1 INTRODUCTION
In the linear nonequilibrium regime, statistical properties of fluctuations are
known to characterize nonequlibrium states via exact identities such as the
Green-Kubo formula and Fluctuation-Dissipation Theorems. On the contrary,
general properties of the far-from-equilibrium fluctuations have not been well
understood. Recently, two new identities valid even far from equilibrium were
found: the fluctuation theorem (FT) first found by Evans, Cohen and Morriss[1]
and the nonequilibrium free-energy equality given by Jarzynski[2].
The fluctuation theorem addresses the symmetry of entropy production or
work externally done and several different versions are known. Nevertheless,
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it takes the following general form:
(
lim
τ→+∞
)
1
τ
log
Prob(σ)
Prob(−σ) = σ , (1)
where Prob(σ) stands for the probability of observing an average entropy
production rate (or an average power applied externally), σ, during the time
interval τ . The τ → +∞ limit may or may not be taken depending on the
situations.
FT with τ → +∞ limit was first found numerically by Evans, Cohen and
Morriss[1] for nonequilibrium steady states of thermostatted systems. Then,
it was rigorously proved by Gallavotti and Cohen[3]. This version is referred
to as the steady-state fluctuation theorem (SSFT). On the other hand, before
the proof by Gallavotti and Cohen, Evans and Searles[4] derived the relation
(1) without τ → +∞ limit for transient trajectories starting from initial states
obeying the microcanonical distribution. This version is refered to as the tran-
sient fluctuation theorem (TFT) and has been extensively studied by Evans
et al.[5]. Moreover, it was extended to stochastically driven systems[6,7,8] and
to open conservative systems[9,10,11]. Its relation with Jarzynski equality was
studied as well[12] and the related topics have been extensively investigated
(see e.g., references in Refs.[11,13]).
Recently, a beautiful experiment by Wang et al.[14] confirmed TFT for a col-
loidal particle kept in a uniformly moving optical trap. The dynamics of the
colloidal particle is governed by the Langevin equation and TFT holds for
the work done externally. FT for the Langevin equation was studied by Ma-
zonka and Jarzynski[15] to illustrate the difference between SSFT and TFT,
and the experiment stimulates the reinvestigations of FT for the Langevin
equations[16,17,18,19].
Contrary to FT for classical systems, FT for quantum systems has not been
well understood. In order to generalize FT to quantum systems, it is necessary
to identify entropy change or work done externally. And two procedures are
available:
(a) Measure energy, particle numbers etc. twice and evaluate the entropy change
or work done as the difference of the two observed values.
(b) Measure flows of energy, particle numbers etc. and evaluate the entropy
change or work done as accumulated values of the flows.
Needless to say, in classical systems, the two procedures give the same values
of the entropy change or work done, because of the conservation of energy and
particle numbers. However, in quantum systems, as a result of the noncom-
mutativity of dynamical variables, the two procedures are not equivalent.
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As far as the authors know, the procedure (a) was first suggested by Kurchan[20]
and he showed that the fluctuation theorem (1) holds for the probability dis-
tribution function of the so-obtained entropy change or work done. Similar
results were discussed by Hal Tasaki[21], Callens et al.[22], and the C∗ gener-
alization was given by Tasaki and Matsui[23].
On the other hand, the procedure (b) has not been well studied. In this pa-
per, we investigate a quantum analogue of the fluctuation theorem, following
the procedure (b), with respect to the work done externally for a harmonic
oscillator linearly coupled with a harmonic reservoir. The oscillator is exter-
nally driven in such a way that the center of the harmonic potential follows a
given trajectory. Note that the system is a quantum analogue of the Langevin
equation[15,16,17,18,19] which describes the experiment by Wang et al.[14].
Then, we have found that (i) there appears a quantum correction of order ~2
in TFT, and that (ii) the existence of a quantum correction for SSFT depends
on the way of driving (no correction in the uniformly dragged case and ~2-
correction in the periodically driven case). Moreover, the quantum correction
for SSFT is universal in the sense that it depends only on the temperature
and the frequency of the driving, but not on the specific features of the system
and environment.
The rest of this paper is arranged as follows. The model is described in Sec.2.
The equation of motion is solved and quantum analogues to the fluctuation
theorems are derived in Sec.3. The subsequent sections are devoted to the
discussions of TFT and SSFT separately. In the last section, discussions are
given.
2 MODEL
In order to discuss quantum corrections to the fluctuation theorem, we study
an exactly solvable model of a one-dimensional harmonic oscillator linearly
coupled with a harmonic bath[24,25]. Because a straightforward derivation of
a quantum Langevin equation is known[25], the Gardiner’s version is used.
Then, we consider the following thought experiment:
(i) The system is prepared to be in equilibrium with inverse temperature β 1 .
(ii) At time t = 0, the harmonic potential starts to move, where its center
follows the trajectory x = f(t).
When t < 0, the potential center is assumed to be fixed at x = 0 and to move
continuously (namely, f(0) = 0). The Hamiltonian which describes the time
1 Throughout this article, we use the unit where the Boltzmann constant is unity.
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evolution is given as
H(t)=H0 +
k
2
f(t) (−2q + f(t)) , (2)
H0=
p2
2m
+
k
2
q2 +
1
2
:
∫
dλ((pλ − κλq)2 + ω2λq2λ) : , (3)
where q, p, and m stand for the coordinate, momentum and mass of the
harmonic oscillator, respectively, k is the strength of the harmonic potential,
qλ and pλ are the coordinate and momentum of a bath degree of freedom with
frequency ωλ, and : · · · : is the normal product with respect to the normal
modes:
aλ ≡ 1√
2~ωλ
(ωλqλ + ipλ) . (4)
Here we assume that ωλ runs from 0 to +∞ and that the dispersion equation
η(z) ≡ mz2 − k −
∫
dλκ2λ −
∫
dλ
ωλv
2
λ
z2 − ω2λ
(5)
has no real zeros, where
vλ ≡ √ωλκλ . (6)
This condition corresponds to the case of the damped harmonic oscillator.
As in the previous works[14,16,17,15], we investigate the statistical property
of the work externally done during the time interval τ divided by temperature
β−1: Σˆτ . If the work is started to be measured at time t, it is given by
Σˆτ ≡ β
τ∫
0
f˙(s+ t)(−k(q(s + t)− f(s+ t)))ds (7)
where f˙ stands for the time derivative of f and q(s + t) is the coordinate
operator in the Heisenberg picture at time s+ t. Then, the probability density
πt(Στ = A) of the work is given by
πt(Στ = A) =
〈
e−βH0δ(Σˆτ − A)
〉
(8)
where 〈· · ·〉 ≡ tr(e−βH0 · · ·)/Z stands for the thermal average and Z = tre−βH0
is the partition function. Note that TFT refers to the symmetry of π0(Στ = A)
while SSFT refers to that of π+∞(Στ = A).
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3 DISTRIBUTION FUNCTION OF THE WORK
In this section, we derive an explicit expression of the distribution function πt
of the work Στ .
3.1 Evaluation of Σˆτ
First we note that the unperturbed Hamiltonian H0 is diagonalized by the
normal modes:
αλ = aλ +
vλ
η+(ωλ)
{
p− imωλq√
2~
+
∫
dλ′
2
(
vλ′aλ′
ωλ − ωλ′ + i0 −
vλ′a
+
λ′
ωλ + ωλ′
)}
(9)
where the normal mode aλ and the interaction strength vλ are given, respec-
tively, by (4) and (6), η+(ωλ) ≡ η(ωλ + i0) and the function η(z) is defined in
(5). Indeed, one has [αλ, α
+
λ′] = δ(λ− λ′) and
H0 =
∫
dλ~ωλα
+
λαλ + (c− number) . (10)
The old variables can be represented by these normal modes. For example,
q =
√
~
2
∫
dλ
(
ivλ
η−(ωλ)
αλ − ivλ
η+(ωλ)
α+λ
)
(11)
and, thus,
H(t) = H0 −
√
~
2
kf(t)
∫
dλ
{
ivλαλ
η−(ωλ)
− ivλα
+
λ
η+(ωλ)
}
+ (c− number) (12)
where η−(ωλ) = η(ωλ − i0).
From (12), one finds that the normal mode αλ(t) in the Heisenberg picture
obeys
α˙λ(t) = −iωλα(t) + kf(t)√
2~
vλ
η+(ωλ)
(13)
which admits the solution:
αλ(t) = αλe
−iωλt − i kvλ√
2~ωλ η+(ωλ)

f(t)−
t∫
0
eiωλ(s−t)f˙(s)ds

 (14)
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And we obtain the coordinate q(t) in the Heisenberg picture as
q(t) = i
√
~
2
∫
dλ
(
vλe
−iωλt
η−(ωλ)
αλ − vλe
iωλt
η+(ωλ)
α+λ
)
+ k
∫
dλ
v2λ
|η+(ωλ)|2
t∫
0
sin(ωλ(s− t))f(s)ds (15)
Then, by a tedious but straightforward calculation, one obtains the work op-
erator Σˆτ
Σˆτ = −ikβ
√
~
2


∫
dλ
vλ
ˆ˙f(ωλ; t, τ)
η−(ωλ)
αλ −
∫
dλ
vλ
ˆ˙f
∗
(ωλ; t, τ)
η+(ωλ)
α+λ


+
∫
dλ
βk2v2λ
ωλ | η+(ωλ) |2
t+τ∫
t
ds
s∫
0
ds′ cos(ωλ(s− s′))f˙(s)f˙(s′) (16)
where
ˆ˙
f(ωλ; t, τ) is a ‘partial Fourier transformation’ of f˙(t):
ˆ˙
f(ωλ; t, τ) ≡
t+τ∫
t
f˙(s)e−iωλsds . (17)
3.2 Calculation of the work distribution πt
The distribution function πt(Στ = A) of the work Σˆτ is obtained with the aid
of the characteristic function
Φt(ξ) =
∫
dA πt(Στ = A) e
iξA =
〈
exp
(
iξΣˆτ
)〉
. (18)
With the aid of the formula
〈e
∫
dλ(ξλαλ+ηλα
+
λ
)〉 = e
∫
dλ
ξληλ
2
coth(
β~ωλ
2
) (19)
(its proof is given in Appendix), one obtains the following expression:
Φt(ξ) = e
iξmt,τ− ξ
2
2
σ2t,τ , (20)
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where
mt,τ = βk
2
t+τ∫
t
ds
s∫
0
ds′
∫
dλ
v2λ
| η+(ωλ) |2
cos(ωλ(s− s′))
ωλ
f˙(s)f˙(s′) (21)
and
σ2t,τ =
~k2β2
2
t+τ∫
t
ds
t+τ∫
t
ds′
∫
dλ
v2λ cos(ωλ(s− s′))
| η+(ωλ) |2 coth(
β~ωλ
2
)f˙(s)f˙(s′) .(22)
Eq.(20) shows that the distribution πt is Gaussian with the mean value mt,τ
and the standard deviation σt,τ :
πt(Στ = A) =
1√
2πσt,τ
exp
(
−(A−mt,τ )
2
2σ2t,τ
)
. (23)
By setting t = 0, (23) leads to the quantum counterpart of TFT[4,5]
log
π0(Στ = A)
π0(Στ = −A) =
2m0,τ
σ20,τ
A . (24)
In addition, provided that the limits m+∞,τ = limt→+∞mt,τ and σ+∞,τ =
limt→+∞ σt,τ exist, one has
π+∞(Στ = A) =
1√
2πσ+∞,τ
exp
(
−(A−m+∞,τ)
2
2σ2+∞,τ
)
. (25)
where π+∞(Στ = A) = limt→+∞ πt(Στ = A), and the quantum counterpart of
SSFT is derived
lim
τ→+∞
1
τ
log
π+∞(Στ/τ = a)
π+∞(Στ/τ = −a) = limτ→+∞
2m+∞,τ
σ+∞,τ
a . (26)
If the coefficient of A in (24) and that of a in (26) were unity, the fluctuation
theorems would hold. However, the expressions of the mean value mt,τ and
the standard deviation σt,τ seem to indicate the deviations. In the following,
we investigate this question for TFT and SSFT separately. In the latter case,
since the existence of the t→ +∞ limits strongly depends on the behavior of
f(t), we focus on two concrete examples: the uniformly dragged case f(t) = v0t
and the periodically driven case f(t) = v0/Ω sin Ωt.
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4 QUANTUM CORRECTION FOR TFT
In this section, quantum corrections for TFT (transient fluctuation theorem)
will be investigated.
First we note that σ20,τ can be rewritten as
σ20,τ = ~k
2β2
τ∫
0
ds
s∫
0
ds′
∫
dλ
v2λ cos(ωλ(s− s′))
| η+(ωλ) |2 coth(
β~ωλ
2
)f˙(s)f˙(s′) . (27)
As the integrand is different from that of 2m0,τ , one has σ
2
0,τ 6= 2m0,τ and,
thus, TFT does not hold.
Using the expansion coth(β~ωλ
2
) = 2
β~ωλ
+ 1
6
β~ωλ + O(~
3), the quantum cor-
rection can be easily calculated. Indeed, one has
σ0,τ
2 = ~k2β2
τ∫
0
ds
s∫
0
ds′
∫
dλ
v2λ
| η+(ωλ) |2
cos(ωλ(s− s′))
ωλ
f˙(s)f˙(s′)
+
1
12
β3~2k2
τ∫
0
ds
s∫
0
ds′
∫
dλ
ωλv
2
λ
| η+(ωλ) |2 cos(ωλ(s− s
′))f˙(s)f˙(s′)
+ O(~4) (28)
and, thus,
log
π0(Στ = A)
π0(Στ = −A) =
(
1 + ~2ǫ2 +O(~
4)
)
A . (29)
where
ǫ2 = − β
3k2
24m0,τ
τ∫
0
ds
s∫
0
ds′
∫
dλ
ωλv
2
λ
| η+(ωλ) |2 cos(ωλ(s− s
′))f˙(s)f˙(s′) . (30)
To illustrate the behavior of ǫ2, we consider the uniformly dragged case f(t) =
v0t where the damping is very weak: µ ≡
∫
κ2λdλ/k ≪ 1. Up to the first order
in µ, the function 1/η±(ω) can be approximated by
1
η±(ω)
≃ 1
m(ω − Ω˜0 ± iγ)(ω + Ω˜0 ± iγ)
(31)
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Ω˜0=
√
k
m
+
∫
dλ
4m
κ2λ

P 1√k/m− ωλ +
1√
k/m+ ωλ

 (32)
γ =
π
4m
∫
dλκ2λδ(
√
k/m− ωλ) (33)
where the symbol P in the integrand stands for Cauchy’s principal part. Then,
by a straightforward calculation, one finds that the leading term of the cor-
rection ǫ2 with respect to µ is independent of time τ and
ǫ2 = − β
2k
24m
(1 + O(µ)) . (34)
5 QUANTUM CORRECTION FOR SSFT
In this section, quantum corrections for SSFT (steady-state fluctuation the-
orem) will be investigated. In this case, the long-time limit t → +∞ should
be taken. As the existence and the limiting value strongly depends on the
potential motion f(t), we examine quantum corrections for two examples: the
uniformly dragged case f(t) = v0t and the periodically driven case f(t) =
v0/Ω sinΩt.
5.1 Uniformly dragged case
In this case f(t) = v0t and the mean work mt,τ and its variance σ
2
t,τ read as
mt,τ = 2βk
2v20
∫
dλ
v2λ
ωλ | η+(ωλ) |2
sin (ωλ(t+ τ/2)) sinωλτ/2
ω2λ
(35)
and
σ2t,τ = 2~k
2β2v20
∫
dλ
v2λ
| η+(ωλ) |2 coth(
β~ωλ
2
)
sin2 ωλτ/2
ω2λ
. (36)
In the limit of t→ +∞, one finds
m+∞,τ = lim
t→+∞mt,τ =
∫
dλ
2πβk2v20κ
2
λ
| η+(ωλ) |2
sinωλτ/2
ωλ
δ(ωλ) = M+∞τ (37)
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where vλ =
√
ωλκλ is used and
M+∞ =
πβk2v20
| η+(0) |2
∫
dλκ2λδ(ωλ) (38)
Note that σ2+∞,τ = σ
2
t,τ as the variance does not depend on t.
These equations together with {sin2 ωτ/2}/(ω2τ)→ πδ(ω)/2 (τ → +∞) give
lim
τ→+∞
σ2+∞,τ
2m+∞,τ
=
π~k2β2v20
2M+∞
∫
dλ
κ2λ
| η+(ωλ) |2 ωλ coth(
β~ωλ
2
)δ(ωλ)
=
π~k2β2v20
2M+∞
2
β~| η+(0) |2
∫
dλκ2λδ(ωλ) = 1 . (39)
Therefore, SSFT holds exactly:
lim
τ→+∞
1
τ
log
π+∞(Στ/τ = a)
π+∞(Στ/τ = −a) = a . (40)
The reason can be understood easily. Indeed, the motion of the potential is
uniform in this case and only the zero frequency environmental modes do
contribute to the steady-state work distribution. On the other hand, quantum
effects appear only for the non-zero frequency modes and, thus, the quantum
correction disappears in SSFT. In the next section, we consider a case where
non-zero environmental modes do contribute to SSFT.
5.2 Periodically driven case
In this section, we consider the periodically driven case f˙(t) = v0 cos(Ωt).
First we remark that, in this case, there exists no exact steady state since the
system is periodically driven. We consider, instead, a limiting oscillatory state
obtained by a ‘stroboscopic limit’, where the time t is set to t = 2πm/Ω+φ/Ω
and the limit m → +∞ is taken. The variable φ represents the phase of the
limiting oscillation. Hereafter, we abbreviate
lim
m→+∞F (t)|t=2pimΩ+ φΩ = strob. limt→+∞F (t) (41)
The variance of the work for t = 2πm/Ω+ φ/Ω now reads as
σ2t,τ =
~k2β2v20
2
τ∫
0
ds
τ∫
0
ds′
∫
dλ
v2λ cos(ωλ(s− s′))
| η+(ωλ) |2
10
×coth(β~ωλ
2
) cos(Ωs+ φ) cos(Ωs′ + φ) . (42)
Since it does not depend on m, one has σ2+∞,τ ≡ strob. limt→+∞ σ2t,τ = σ2t,τ .
Then, by a tedious but straightforward calculation, one obtains
lim
τ→∞σ
2
+∞,τ/τ =
π~k2β2v20
4
cothβ~Ω
2
|η+(Ω)|2
∫
dλv2λδ(ωλ − Ω) . (43)
As in the same way, one has
m+∞,τ = strob. lim
t→+∞mt,τ
= βk2v20
τ∫
0
ds
s∫
−∞
ds′
∫
dλ
v2λ cos(ωλ(s− s′))
ωλ | η+(ωλ) |2 cos(Ωs+ φ) cos(Ωs
′ + φ)
=
πβk2v20
4
τ
Ω|η+(Ω)|2
∫
dλv2λδ(ωλ − Ω)
+
βk2v20
4
∫
dλ
v2λ
ωλ|η+(ωλ)|2
[
P
cos 2φ− cos(2Ωτ + 2φ)
Ω2 − ω2λ
+πδ(Ω− ωλ)sin(2Ωτ + 2φ)− sin 2φ
2Ω
]
(44)
and
lim
τ→+∞m+∞,τ/τ =
πβk2v20
4Ω|η+(Ω)|2
∫
dλv2λδ(ωλ − Ω) . (45)
Eqs.(43) and (45) give
lim
τ→+∞
2m+∞,τ
σ2+∞,τ
=
2
β~Ω
tanh
β~Ω
2
(46)
and, thus, SSFT does not hold
lim
τ→+∞
1
τ
log
π+∞(Στ/τ = a)
π+∞(Στ/τ = −a) =
2
β~Ω
tanh
β~Ω
2
a 6= a . (47)
where the distribution function refers to the limiting oscillatory state. Note
that the quantum correction is universal in the sense that it depend only on
the temperature and the frequency of the driving, but not on the specific
features of the system and environment.
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6 DISCUSSIONS
In summary, for a harmonic oscillator linearly coupled with a harmonic reser-
voir, we have investigated quantum analogues of the transient and steady-state
fluctuation theorems with respect to the work done externally. And we have
shown the followings:
(i) In the transient fluctuation theorem, there appears a quantum correction of
order ~2.
(ii) In the steady-state fluctuation theorem, the existence of a quantum cor-
rection depends on the way of driving. In the uniformly dragged case, the
classical formula holds, while, in the periodically driven case, there appears
a correction of order ~2.
We remind that the steady-state fluctuation theorem for the periodically
driven case refers to the limiting oscillatory state, which is obtained as the
stroboscopic limit defined in (41).
Remarkably, the situation is in contrast to that for Kurchan’s quantum fluc-
tuation theorem, where energy is measured twice, and the entropy change and
work done are evaluated from the difference between the two measured values.
In this case, as discussed previously[20,21,22,23], the (transient) fluctuation
theorem holds as in the classical systems.
Finally, we note that the quantum correction for the steady-state fluctuation
theorem is universal in the sense that it depends only on the temperature and
the frequency of the driving, but not on the specific features of the system
and environment. We expect that this is also the case for general systems.
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A Derivation of 〈e
∫
dλ(ξλαλ+ηλα
+
λ
)〉 = e
∫
dλ
ξληλ
2
coth(
β~ωλ
2
).
The desired result immediately follows from
〈eηa++ξa〉 = e ηξ2 coth(β~ω2 ) , (A.1)
where [a, a+] = 1 and 〈· · ·〉 ≡ tr(· · · e−β~ωa+a)/Z with Z = tr(e−β~ωa+a). This
relation can be shown as follows.
The Baker-Hausdorff theorem gives
eηa
++ξa = eηa
+
eξae
ξη
2 . (A.2)
With the aid of the coherent states |α〉 ≡ ∑∞n=0 αn√n! |n〉, which satisfy
a | α〉 = α|α〉 , 〈α|a+=α∗〈α| (A.3)∫ dα
π
| α〉〈α | e−|α|2 = 1 , 〈α | β〉= eα∗β , (A.4)
one finds
〈eηa++ξa〉 = e ξη2 〈eηa+eξa〉 = e
ξη
2
Z
tr(e−β~ωa
+aeηa
+
eξa)
=
e
ξη
2
Z
∞∑
n=0
e−β~ωn〈n |
∫
dα
π
| α〉〈α | eηa+eξa
∫
dβ ′
π
| β ′〉〈β ′ | n〉e−|α|2−|β′|2
=
e
ξη
2
Z
∞∑
n=0
e−β~ωn
∫
dα
π
∫
dβ ′
π
e−|α|
2−|β′|2〈α | β ′〉eηα∗eξβ′α
nβ ′∗n
n!
=
e
ξη
2
Z
∫ dα
π
∫ dβ ′
π
e−|α|
2−|β′|2+ξβ′+ηα∗+αβ′∗e−β~ω+α∗β′
= e
ξη
2
1
Z
∫ dβ ′
π
e−(1−e
−β~ω)|β′|2+e−β~ωβ′∗η+β′ξ
= e
ηξ
2
coth(β~ω
2
) , (A.5)
which leads to the desired relation (A.1):
< eηa
++ξa >= e
ηξ
2
coth(β~ω
2
) (A.6)
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z_plane
pole
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C
Fig. B.1. Integration contour for the integral (B.3)
B Integral containing η+(ωλ)
To proceed the calculations in Sec.3, one has to evaluate integrals involving
η+(ωλ). In this appendix, we illustrate the way by evaluating
∫
dλ
v2λ
ωλ | η+(ωλ) |2 .
The key idea is to rewrite it as a contour integral and to use the relations:
η−(x)− η+(x)=−πi
∫
dλδ(x− ωλ)v2λ , (B.1)
η±(−x) = η∓(x) . (B.2)
Then, one has
∫
dλ
v2λ
ωλ | η+(ωλ) |2 =
∫
dλ
∞∫
0
dxδ(x− ωλ) v
2
λ
η−(x)η+(x)
1
x
=
∞∫
0
1
−πi(
1
η+(x)
− 1
η−(x)
)
1
x
dx =
∞∫
−∞
1
−πi
1
η+(x)
1
x
dz
=
∫
C
1
−πi
dz
zη(z)
− lim
r→0
2pi∫
0
dθ
1
−πi
rieiθ
reiθη(reiθ)
− lim
R→∞
2pi∫
0
1
−πi
Rieiθdθ
Reiθη(Reiθ)
=
1
k
, (B.3)
where the integration contour C is shown in Fig.B.1.
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